In this paper we develop an effective way to access the topology of the gauge group for a smooth K-principal bundle P = (K, π, P, M ) with possibly infinite-dimensional structure group K over a compact manifold with corners M . For this purpose we introduce the concept of a not necessarily finite-dimensional manifold with corners and show that C ∞ (M, K) is a Lie group if M is a compact manifold with corners. This enables us in the second section to consider the gauge group Gau(P), with a natural topology on it, as an infinite-dimensional Lie group if M is compact and K is locally exponential. In the last section we discuss some applications. We show that the inclusion Gau(P) ֒→ Gauc(P) of smooth into continuous gauge transformations is a weak homotopy equivalence, apply this result to the calculation of πn(Gau(P)).
Introduction
Let P = (K, π, P, M ) be a smooth K-principal bundle with possibly infinite-dimensional structure group K over a finite-dimensional manifold with corners M . Then the group of vertical bundle automorphisms, shortly called gauge group and denoted by Gau(P), can be identified with the space of smooth K-equivariant mappings C ∞ (P, K) K , where K acts on itself by conjugation and we will identify Gau(P) with C ∞ (P, K) K throughout this paper. To avoid confusion we stress that the objects called gauge groups in the physical literature (the group K from the bundle P) are called structure groups in our setting. If K is abelian or the bundle is trivial, then C ∞ (P, K)
K is isomorphic to the mapping group C ∞ (M, K), which carries a Lie group structure if M is compact [Glö02a] . In this paper we show that if M is compact and K is locally exponential (i.e. K has an exponential function restricting to a local diffeomorphism on some zero neighbourhood in k), then CIntroduction
If ∂M in non-empty and has m components, then π k (Gau(P)) ∼ = π k+1 (K) 2g+m−1 ⊕ π k (K).
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I Smooth Mappings and Manifolds

I.1 Notions of Differential Calculus
In this section we present the elementary notions of differential calculus on locally convex spaces and for not necessarily open domains. While the notion for open subsets of locally convex spaces has been worked on and with during the last two decades the notion for sets with dense interior is quite new (cf. [Nee02, Definition 5.1]). Many proofs for manifolds with corners (cf. Definition I.6) carry over from the case of smooth manifolds and are frequently omitted in this text.
Definition I.1. Let E and F be a locally convex spaces and U ⊆ E be open. We say that f : U → F is continuously differentiable or of class C 1 if it is of class C 0 (i.e. continuous), for each v ∈ E the differential quotient df (x).v := lim h→0 f (x + hv) − f (x) h exists and if the map df : U × E → F is continuous. If n > 1 we inductively define f to be of class C n if it is of class C 1 and df is of class C n−1 , saying that the map d n f inductively defined by d n f := d n−1 (df ) is continuous. We say that f is of class C ∞ or smooth if it is of class C n for all n ∈ AE 0 . We denote the set of maps from U to F of class C 1 , C n and C ∞ respectively by C 1 (U, E), C n (U, E) and C ∞ (U, E). This is the notion of differentiability used in [Ham82] , [Mil83] and [Glö02b] and it will be the notion throughout this paper.
Remark I.2. (cf. [Nee02, Remark 3 .2]) We briefly recall the basic definitions underlying the convenient calculus from [KM97] . Again let E and F be locally convex spaces. A curve f : Ê → E is called smooth if it is smooth in the sense of Definition I.1. Then the c ∞ -topology on E is the final topology induced from all smooth curves f ∈ C ∞ (Ê, E). If E is a Fréchet space, then the c ∞ -topology is again a locally convex vector topology which coincides with the original topology [KM97, Theorem 4.11]. If U ⊆ E is c ∞ -open then f : U → F is said to be of class C ∞ or smooth if
e.g. if f maps smooth curves to smooth curves. The chain rule [Glö02a, Proposition 1.15] implies that each smooth map in the sense of Definition I.1 is smooth in the convenient sense.
On the other hand [KM97, Theorem 12.8] implies that on a Frèchet space a smooth map in the convenient sense is smooth in the sense of Definition I.1. Hence for Fréchet spaces the two notions coincide.
Definition I.3. Let E and F be a locally convex space, and let U ⊆ E be a set with dense interior. We say that a map f : U → F is continuously differentiable or of class C 1 if it is of class C 0 (i.e. continuous), f int := f | int(U) is of class C 1 (in the sense of Definition I.1) and the
extends to a continuous map on U × E, which is called the differential df of f . If n > 1 we inductively define f to be of class C n if if is of class C 1 and df is of class C n−1 for n > 1, saying that the maps inductively defined by d n f := d n−1 (df ) are continuous. We say that f is of class C ∞ or smooth if f is of class C n for all n ∈ AE 0 .
Remark I.4. Since int(U × E 2n−1 ) = int(U ) × E 2n−1 we have for n = 1 that (df ) int = d (f int ) and we inductively obtain (d n f ) int = d n (f int ). Hence the higher differentials d n f are defined to be the continuous extensions of the differentials d n (f int ) and thus we have that a map f : U → F is smooth if and only if d n (f int ) : int(U ) × E 2 n −1 → F has a continuous extension d n f to U × E 2 n −1 for all n ∈ AE.
Lemma I.5. If E, E ′ and F are locally convex spaces,
In particular it follows that g • f is smooth if g and f are so.
Proof. This follows easily from the chain rule for locally convex spaces [Glö02a, Proposition 1.15] and
where the last equality holds due to f (int(U )) ⊆ int(U ′ ).
Definition I.6. Let E be a locally convex space, λ 1 , . . . , λ n be continuous functionals and denote
for the finite-dimensional case) of codimension n if i) for each m ∈ M there exists an ϕ i with m ∈ U i , called a chart around m, ii) for each pair of charts ϕ i : U i → E + and ϕ j : U j → E + with U i ∩ U j = ∅ we have that the coordinate change
is smooth in the sense of Definition I.3. Two differentiable structures (U i , ϕ i ) i∈I and (U i , ϕ i ) i∈I ′ are called compatible if thier union (U i , ϕ i ) i∈I∪I ′ is again a differential structure and a maximal differential structure with resprect to compatibility is called an atlas. Furthermore, M together with an atlas (U i , ϕ i ) i∈I is called a manifold with corners of codimension n.
Remark I.7. Note that the previous definition of a manifold with corners coincides for E = Ê n with the one given in [Lee03] and in the case of codimension 1 and a Banach space E with the definition of a manifold with boundary in [Lan99] , but our notion of smoothness differs. In both cases a map f defined on a non-open subset U ⊆ E is said to be smooth if for each point x ∈ U there exist an open neighbourhood V x ⊆ E of x and a smooth map f x defined on
The notion of smoothness used here is due to [Mic80, Definition 2.1] and is the appropriate one for a treatment of mapping spaces. In the finite-dimensional case, the Whitney extension theorem [Whi34] yields that our notion of smoothness coinsides with the one used e.g. in [Lee03] and in the case of Banach spaces and codimension 1, [KM97, Theorem 24.5] also implies that the notions coincides with the one from [Lan99] .
Lemma I.8. If M is a manifold with corners of modelled on the locally convex space E and ϕ : U → E + and ψ : V → E + are two charts with U ∩ V = ∅, then
Proof. Denote by α :
.v is continuous and int(W x ) is dense in W x , we thus have that v → dβ(α(x)).v is a continuous inverse for dα(x).
Now suppose x ∈ int(ϕ(U ∩ V )) and α(x) / ∈ int(ψ(U ∩ V )). Then λ i (α(x)) = 0 for some i ∈ {1, . . . , n} and thus there exists an v ∈ E such that α(x) + tv ∈ ψ(U ∩ V ) for t ∈ [0, 1] and
, contradicting the surjectivity of dα(x). Remark I.10. Note that Lemma I.8 implies that ∂M is the set of all points m ∈ M which are mapped to ∂E + = n i=1 ker(λ i ) by an arbitrary chart ϕ : U → E + around m.
Definition I.11. A map f : M → N between manifolds with corners is said to be of class C n , respectively smooth, if f (int(M )) ⊆ int(N ) and the map
is of class C n respectively smooth for each pair ϕ : U → E + and ψ : V → F + of charts on M and N in the sense of Definition I.3.
Remark I.12. For a map f to be smooth it suffices to check that
and is smooth in the sense of Definition I.3. for each m ∈ M and an arbitrary pair of charts ϕ : U → E + and ψ : V → F + around m and f (m) due to Lemma I.5 and Lemma I.8. Definition I.13. If M is a manifold with corners with differentiable structure (U i , ϕ i ) i∈I , which is modelled on the locally convex space E, then the tangent space T m M in m ∈ M is defined to be
where I m := {i ∈ I : m ∈ U i } and
Remark I.14. Note that the tangent spaces T m M are isomorphic for all m ∈ M , including the boundary points.
Proposition I.15. The tangent bundle T M is a manifold with corners and the map π :
Proof. Fix a differentiable structure (U i , ϕ i ) i∈I on M . Then each U i is a manifold with corners with respect to the differential structure (U i , ϕ i ) on U i . We endow each T U i with the topology induced from the mappings
and endow T M with the topology making each map 
is well-defined and of class C n−1 .
Definition I.17. If M is a manifold with corners, then for n ∈ AE 0 the higher tangent bundles T n M are the inductively defined manifolds with corners T 0 M := M and T n := T T n−1 M . If N is a manifold with corners and f : M → N is of class C n , then the higher tangent maps 
Proof. The proof of the smooth case in [Glö02b, Section 3.2] carries over. The results on the mapping spaces C ∞ (U, E) used in the proof of [Glö02b, Section 3.2] only depend on the existence of tangent maps and their properties as continuous maps and carry over to the case of a manifold with corners in exactly the same way. A more detailled description of the proof can be found in [Woc05] .
Remark II.3. Let P = (K, π, P, M ) be a continuous K-principal bundle [Ste51, Section I.8]. Then P can be described by an open cover (U i ) i∈I and continuous maps k ij :
] is a continuous section and
is a local trivialisation.
Definition II.4. We say that a continuous K-principal bundle P = (K, π, P, M ) is a smooth K-principal bundle if K is a Lie group, M is a manifold with corners and each k ij is smooth (in in the sense of Definition I.3). We then introduce a differential structure on P by defining each Ω i from Remark II.3 to be a diffeomorphism, i.e. if N is a manifold with corners, a map
is smooth for each i ∈ I and a map g : N → P is smooth if Ω i • g is smooth for each i ∈ I. In addition, we denote by
the group of vertical bundle automorphisms or shortly the gauge group of P.
Definition II.5. If P = (K, π, P, M ) is a continuous (respectively smooth) K-principal bundle, then a subset V ⊆ M is said to be trivial, if there exists U ⊆ M open with V ⊆ U and a continuous (respectively smooth) map σ :
Remark II.6. Note that in our definition of a smooth principal bundle we permit the base M to be a manifold with corners. If we denote by
the group of K-equivariant smooth maps from P to K, then the map
is an isomorphism and we will throughout this paper identify Gau(P) with C ∞ (P, K) K via this map. The corresponding algebraic counterpart is the gauge algebra
Since for each p ∈ P the evaluation map is continuous, it follows that C ∞ (P, K) K is a closed subgroup of the topological group C ∞ (P, K) and that gau(P) is a closed subspace of C ∞ (P, k).
Definition II.7. a) If M is a manifold with corners, K is a Lie group and
In the special case of the adjoint representation, we getτ (x, y) = ad(x, y) = [x, y].
Lemma II.8. Let M be a manifold with corners, K be a Lie group and τ : K × E → E be a smooth representation on the locally convex space E. If k : M → K and f : M → E are smooth, then we have
.f , interpret it as a function of two variables and calculate
where d 1 τ (respectively d 2 ) denotes the differential of τ with respect to the first (respectively second) variable, keeping constant the second (respectively first) variable. Proof. For each m ∈ M there exists an open neighbourhood U and a chart ϕ :
n is a manifold with corners and we set
. Then (V m ) m∈M has the desired properties and if M is compact it has a finite subcover.
Proposition II.10. If P = (K, π, P, M ) is a smooth K-principal bundle with finite-dimensional base M (possibly with corners) and (V i ) i∈I is an open cover of M such that each V i is a trivial subset and a manifold with corners, then gau(P) is isomorphic to the Lie algebra
with the subspace-topology induced from i∈I C ∞ (V i , k).
Proof. First we note that g(P) is a topological Lie algebra with respect to the pointwise Lie bracket (cf. Remark ??). Since each V i is trivial and a manifold with corners, there exist smooth sections σ i :
Since σ i is continuous, the map ξ → (η i ) i∈I is continuous since each η i is a pullback. On the other hand, given (η i ) i∈I ∈ g(P), the map
is well-defined, smooth and K-equivariant. Since the map ϕ :
is obviously an isomorphism of abstract Lie algebras and has a continuous inverse it remains to check that it is continuous, i.e. that
is compact and hence it is covered by finitely many T n V i1 , . . . , T n V im and thus
Hence it suffices to show that the map
is continuous for n ∈ AE 0 and i ∈ I and we may thus w.l.o.g. assume that P is trivial. In the trivial case we have ξ = Ad(k
) defines a global trivialisation. We shall make the case n = 1 explicit. The other cases can be treated similarly and since the formulae get quite long we skip them here.
Given any open zero neighbourhood, which we may assume to be ⌊K, V ⌋ with K ⊆ T P compact and 0
and X p ∈ K we get with Lemma II.8
Definition II.11. A Lie group K is said to have an exponential function if for each X ∈ k the initial value problem γ(0) = e, γ ′ (t) = γ(t).X has a solution γ X ∈ C ∞ (Ê, K) and the exponential function 
Proof. This follows from
Lemma II.14. 
Proof. For X ∈ k consider the curve
Then γ := α • τ is a curve such that γ(0) = e and γ(1) = α exp K (X) with left logarithmic derivate δ l (γ) = dα(e).X.
Definition II.15. If P = (K, π, P, M ) is a smooth K-principal bundle with compact base M and V 1 , . . . , V n is an open cover such that each V i is trivial and a manifold with corners, then we denote by G(P) the group
with respect to pointwise group operations.
if σ i : V i → P are smooth sections. Note that the map on the right hand side is well-defined and smooth. Since for x ∈ V i the evaluation map ev x : C ∞ (V i , K) → K is continuous, the group G(P) is a closed subgroup of the Lie group
But since an infinite-dimensional Lie group may posses closed subgroups that are no Lie groups (cf. [Bou89b, Exercise III.8.2]), this does not automatically yield a Lie group structure on G(P). 
induce a smooth manifold structure on U . Furthermore, the conditions i) − iii) of Proposition II.1 are satisfied such that G(P) can be turned into a smooth Lie group. b) In the setting of a), the topology on C ∞ (P, K) K , which is induced from the isomorphism of abstract groups G(P) ∼ = C ∞ (P, K) K , coincides with the subspace topology induced from the topological group C ∞ (P, K). c) In the setting of a), we have L(G(P)) ∼ = g(P).
Proof. a) First we note that ϕ * is well-defined since exp
and ϕ * is bijective, it induces a smooth manifold structure on U .
Let
and conditions i) − iii) of Proposition II.1 are satisfied. b) With the same argument as in the proof of Proposition II.10, we may assume that the bundle is trivial. We thus have to show that the map
where p → (π(p), k(p)) defines a global trivialisation, is an isomorphism of topological groups with respect to the subspace topology on
is continuous (as a composition of a pullback an the map f → T k f , which defines the topology on C ∞ (M, K)).Since conjugation in C ∞ (P, K) is continuous, it follows that ϕ is continuous. Since the map f → f • σ is also continuous (with the same argument), the assertion follows.
c) This follows immediately from
Theorem II.18 (Lie group structure on Gau(P)). If P = (K, π, P, M ) is a smooth Kprincipal bundle with compact base M (possibly with corners) and locally exponential structure group K, then Gau(P) ∼ = C ∞ (P, K) K carries the structure of a smooth locally exponential Lie group.
Proof. First we show that if M is a compact manifold with corners and K has an exponential function, then
The proof of the preceding lemma yields immediately that the restriction of (
Since the corresponding map from g(P) to g(P)
′ is an isomorphism (Proposition II.10) and since G(P) and G(P)
′ are locally exponential, this implies that the isomorphism G(P) ∼ = G(P)
′ is also an isomorphism of smooth Lie groups (cf. [GN05, Chapter 4]). In this sense the topology on C ∞ (P, K) K is independent on the chosen cover V 1 , . . . , V n . 
III Applications
III.1 Approximations of Continuous Gauge Transformations
the group of continuous gauge transformations of P .
Remark III.2. The same mapping as in the smooth case (cf. Remark II.6 yields an isomorphism
and C(P, K) K is a topological group as a closed subgroup of C(P, K) c . We equip Gau c (P) with the topology defined by this isomorphism. Denote by (V i ) i∈I an open cover of M such that there exist continuous sections σ i : V i → P . Then G := i∈I C(V i , K) c is a topological group with
as a closed subgroup. Then
where
, defines an isomorphism of groups and a straightforward verification shows that this map also defines an isomorphism of topological groups. If M is compact, then there exists a finite open cover (V
, the same argumentation as in the proof of Lemma II.17 shows that C(P, K) K , with the subspace-topology from C(P, K) c , can be turned into a Lie group. 
is an open cover of M , and there exists a smooth partition of unity {f 1 , f 2 } subordinated to this cover. Then
is continuous since γ → f 1 γ and f 1 γ → f 1 γ + f 2 f are continuous. If γ is smooth on A ∪ V then so is G f (γ), because f 1 and f 2 are smooth, f is smooth on A and 
, where we may assume that 
Since each x ∈ M has an open neighbourhood V x,j with V x,j compact and V x,j ⊆ V j for some j ∈ J, we may redefine the cover (V j ) j∈J such that V j is compact and f (V j ) ⊆ W j for all j ∈ J.
Since M is paracompact, we may assume that the cover (V j ) j∈J is locally finite, and since M is normal, there exists a cover (V ′ i ) i∈I such that for each i ∈ I there exists a j ∈ J such that V ′ i ⊆ V j . Since M is also Lindelöf, we may assume that the latter is countable, i.e. I = AE + . Hence M is also covered by countably many of the V j and we may thus assume V ′ i ⊆ V i and f (V i ) ⊆ W i for each i ∈ AE + Furthermore we set V 0 := ∅ and V ′ 0 := ∅. Observe that both covers are locally finite by their construction. Define
which is closed and contained in V i . Since
We claim that there exist functions g i ∈ O, i ∈ AE 0 , satisfying
For i = 0 we have nothing to show, hence we assume that the g i are defined for i < a. We consider the set
which is a closed subspace of C(V a , W a ) c.o. . Then the map
is continuous since U a is closed. Note that, by induction, g a−1 (V a ) ⊆ W a , whence g a−1 | Va ∈ Q. Since F is continuous and
Since (V j ) j∈AE0 is locally finite and V j is compact, the set {j ∈ AE 0 : U a ∩ V j = ∅} is finite and
is an open neighbourhood of g a−1 | Va in C(V a , W a ) c.o. by induction. We now apply Lemma III.7 with to the manifold with corners V a , the closed set
We thus obtain a map h ∈ O ′′ which is smooth on a neighbourhood of L ′ a and which coincides with g a−1 | Va on V a \U a ⊇ V a \U a , hence is contained in O ′′ ∩ Q, and we set g a := F (h). Since h(U a ∩ V j ) ⊆ W j and g a−1 (V j ) ⊆ W j , we have F (h)(V j ) ⊆ W j . Furthermore F (h) inherits the smoothness properties from g a−1 on M \U a , from h on V a and since L a ⊆ L ∩ V ′ a , it has the desired smoothness properties on M . This finishes the construction of the g i .
We now construct g. First we set m(x) := max{i : x ∈ V i } and n(x) := max{i : x ∈ V i }. Then obviously n(x) ≤ m(x) and each x ∈ M has a neighbourhood on which g n(x) , . . . , g m(x)
and thus g is smooth on a neighbourhood of x. If x ∈ M \U , then x / ∈ U 1 ∪ . . . ∪ U n(x) and thus g(x) = f (x).
Proposition III.9. If P = (K, π, P, M ) is a smooth K-principal bundle with locally exponential structure group K and M is a finite-dimensional second countable manifold with corners, then
Proof. We recall the properties of the topology on M from Remark III.3. Let (U ′ i ) ∈I be a locally finite open cover of M such that for each i ∈ I there exists a smooth section σ i :
Since M is locally compact, we may assume that U ′ i is compact and since M is normal, there exist open covers (V j ) j∈J , (V ′ j ) j∈J and (U j ) j∈J such that for each j ∈ J there exists some i ∈ I with
Hence we may assume that that I = J and furthermore
) i∈AE is locally finite, the same holds for the other covers.
Each element of C(P, K) K is represented by an element (γ i ) i∈AE of i∈AE C(V i , K) satisfying
and that there exists a chart exp 
Then γ a | Va represents an element of C ∞ (P, K) K which is contained in O and hence establishes the assertion.
For i = 1 denote X j := U 1 ∩ U j and a compactness argument using the locally finiteness of (U i ) i∈AE shows that {j ∈ AE : X j = ∅} is finite. Furthermore {j ∈ AE : x ∈ X j } is also finite. If
and we set W x := {j:x∈Xj } W x,j . Then the continuity of k j1 , k 1j and γ j yields an open neighbourhood U x,j ⊆ X j of x such that (6)
Furthermore we may assume w.l.o.g. that γ 1 (U x,j ) ⊆ W x · γ 1 (x). Since X j is compact, it is covered by finitely many U x1,j , . . . U xn,j and then
. To obtain γ 1 we apply Proposition III.8 to the manifold with corners U (3) is trivially satisfied. To check (4), we first observe that each x ∈ U 1 ∩ U j is contained in some U xr,j ⊆ U 1 ∩ U j for r ∈ {1, . . . , n} and hence γ 1 (x) ∈ W xr · γ 1 (x r ). We thus have
This finishes the construction of γ 1 . Having defined the γ i inductively for i < a we now construct γ a . The reader might want to choose a = 3 with V 1 ∩ V 2 ∩ V 3 = ∅ to follow the construction. First we have to interpolate between the differences of k ai γ i k ia for different i < a on U a \(V 1 ∪ . . . ∪ V a−1 ). For this sake we first construct η ∈ C(U a , K) as follows:
is an open cover of U a and there exists a subordinated partition of unity f 1 , . . . , f a−1 , g, h. If
where j 1 < . . . < j r , and {j 1 , . . . , j r } ⊆ {1, . . . , a − 1} is maximal such that (7) holds, set
where λ ⋆ k := exp K (λϕ · (k)) for λ ∈ [0, 1] and k ∈ W . Then η is a well-defined and continuous map on
since each x ∈ ∂V l or x ∈ ∂U l for l < a has a neighbourhood on which f l vanishes. For
) has a neighbourhood on which g vanishes and each x ∈ V a ∩ V i has a neighbourhood on which
holds pointwise due to (3). For x ∈ U ′ a we now set
This ∩ (U 1 ∪ . . . ∪ U a−1 ) ) has a neighbourhood on which f 1 , . . . , f a−1 and g vanish, whenceη = 1.
We now check the properties of η. For x ∈ (V 1 ∪ . . . ∪ V a−1 ) ∩ V a there exists a neighbourhood V x of x such that h(x ′ ) = 0 and
and thus η is smooth on V x . Furthermore we have η(x) ∈ W a,l if x ∈ L a,l due to (1), (4) and the construction ofη.
We now construct γ a from η. If U a ∩ U j = ∅, then a similar argument as in the construction of γ 1 , with γ 1 substituted by η, yields an open neighbourhood O j of η such that
This will ensure (4). As we have seen before, η is smooth on a neighbourhood of V a ∩ (V 1 ∪ . . . ∪ V a−1 ) and to ensure (3), we choose a closed set
and η is smooth on a neighbourhood of L.
We now apply Proposition III.8 to the manifold with corners U 
Lemma III.10. Let P = (K, π, P, M ) be a smooth K-principal bundle, M be compact, K be locally exponential and let
16), which is close to identity, in the sense that
..,n is homotopic to the constant map (x → e) i=1,...,n .
Proof. Since the map
is a chart of G(P) (cf. Lemma II.17) and ϕ * (U ) ⊆ g(P) is convex, the map
defines the desired homotopy.
Theorem III.11 (Approximation Theorem). If P = (K, π, P, M ) is a smooth K-principal bundle with compact base M (possibly with corners) and locally exponential structure group K, then the natural inclusion
smooth into continuous gauge transformations is a weak homotopy equivalence, i.e. the induced mappings
Proof. To check surjectivity, consider the continuous K-principal bundle pr * (P) obtained form P by pulling it back along the projection pr :
, where K acts trivially on the first factor of S k × P . We have with respect to this action C(pr
where η is induced by the inclusion
K which is contained in the same connected component of C(S k × P, K) K as f (cf. Proposition III.9). Since f is in particular smooth in the second argument, it follows that f represents an element F ∈ C(S k , C ∞ (P, K) K ). Since the connected components and the arc components of C(S k × P, K) K coincide (since it is a Lie group, cf. Remark III.2), there exists a path
· f is a path connecting f and f . Since S k is connected it follows that C( 
III.2 Calculating π k (Gau(P))
In this section we will apply the results from the previous section to the calculation of the homotopy groups π k (Gau(P)) for bundles over compact orientable surfaces with and without boundary. The technical results of the previous section and the first part of the following will enable us to obtain this result in a quite elegant way.
Throughout this section we will frequently use the following facts from general topology. If X/R is a quotient of the topological space X by an equivalence relation R, then the continuous functions on X/R are in on-to-one correspondence with the continuous functions on X, which are constant on the equivalence classes of R [Bou89a, §I.3.4]. A consequence of this is that if X is covered by the closed sets (X i ) i∈I and f i :
Throughout this section we will deal with orientable surfaces, but the results carry over with very little changes to non-orientable surfaces. Since the formulae will always vary a bit between these two cases we stick to the orientable case for convenience and shortness. The results carry over to the non-orientable case in the same manner (cf. Remark III.25) Lemma III.12. If P = (K, π, P, M ) is a continuous K-principal bundle over S 1 with connected structure group K, then P is trivial.
Proof. This is [Ste51, Corollary 18.6].
Remark III.13. We introduce some notation: If M is a compact orientable surface (i.e. a compact connected orientable 2-manifold) of genus g, then M is homeomorphic to a quotient of a regular polygon B (which we may identify with a subset of ) with 4g vertices [Mas67, Theorem 5.1] The quotient is constructed via affine maps γ i : [0, 1] → B such that
for i ≤ 0 < 4g −1, where x 0 , . . . , x 4g−1 denote the ordered vertices of B (i.e. arg(x i ) < arg(x i+1 )) and x 4g = x 0 (for convenience). Lemma III.12 yields that P | q(γi) is trivial, hence there exist continuous maps σ i : 
(cf. the following construction of σ ′′ ). For the extension of σ ′ to B we apply [Bre93, Theorem VII.6.4] to the diagram
where L denotes the subcomplex γ 4g−1 ∪ (∆ 4g−1 ∩ ∆ 4g−2 ) and f is defined by f (γ 4g−1 (s)) = σ ′ (γ 4g−3 (s)) and f (∆ 4g−1 (0, t)) = σ ′ (∆ 4g−2 (1, t)). This yields a continuous map σ
Figure 2: Construction of Γ and we define γ by
This defines a continuous map γ on [0, 1] and since q : B → M maps all vertices to one single point in M , we have γ(0) = e. Due to
which is continuous and satisfies Γ(∆ 4g−1 (0, t)) = e, Γ(∆ 4g−1 (1, t)) = γ(t) and Γ(∆ 4g−1 (s, 0)) = γ(1 − s) (cf. Figure 2 ). Then
has the desired properties.
Remark III.15. The preceding lemma provides an explicit mappings from the classification
of K-principal bundles over M (where BK is the classifying space of K). The first isomorphism is [Hus66, Theorem 4.13.1], the second is a consequence of [Bre93, Corollary VII.13.16], the third is [Bre93, Theorem V.7.2] and the fact that H 1 (M ) = ⊕ is projective, and the last isomorphism is H 2 (M ) = . In this sense [γ] ∈ π 0 (C * (S 1 , K)) ∼ = π 1 (K) can be seen as obstruction for the existence of a global section. Since the bundle is determined by its genus g and γ, we will denote it shortly by P g,γ .
Lemma III.16. If P g,γ denotes a continuous K-principal bundle as in Remark III.15 , then the continuous gauge group Gau c (P g,γ ) ∼ = C(P, K)
K is isomorphic to
Proof. The pull-back σ * : C(P, K) K → C(B, K) provides the desired isomorphism.
Proposition III.17. If P g,γ denotes a continuous K-principal bundle as in Remark III.15 , then the normal subgroup (G g,γ ) * := {f ∈ G g,γ : f (∆ 0 (0, 0)) = e} is homeomorphic to the direct product Proof. First we remark that the vanishing of f ∈ G g,γ in ∆ 0 (0, 0) implies that f vanishes on each x 0 , . . . , x 4g−1 . We identify C * (S 2 , K) with the normal subgroup N := {f ∈ G g,γ : f | ∂B ≡ e}. Then N is the kernel of the restriction map
We now construct a continuous splitting of this map. For f ∈ C([0, 1], K) and 0 ≤ i ≤ 4g − 3 we define by
else a continuous map on B (c.f. Figure 3) . We now set
and since γ(0) = e we may extend Γ to a continuous function on B by setting if to e if it is not defined in (9). Since S i (f ) depends continuously on f (consider the topology of compact convergence), the map 
Proof. Since for any Hausdorff space X Figure 4) , we obtain the map 
Proof. Since P is trivial we have C(P, K) k+2 . Since [0, 1] k+2 is contractible this implies π k (C * ( , K)) = π 0 (C * (S k , C * ( , K))) ∼ = π 0 (C * (S k ∧ , K)) = {e} and thus π k (C * (S 1 , K)) ∼ = π 0 (C * (S k ∧ S 1 , K)) = π 0 (C * (S k+1 , K)) = π k+1 (K) yields the assertion.
